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II. Diffusion-influenced reactions

S. Redner, A guide to first-passage processes (2001)

R. Metzler, et al., First-passage phenomena and their applications (2014)

D. Holcman, Z. Schuss, SIAM Rev. 56, 213-257 (2014)

survival probability

𝑆(𝑥, 𝑡) = 𝑷𝑥{𝜏 > 𝑡}

Let  be the (random) first-

passage time to the target 

on the target

on the rest

𝜕𝑡𝑆 = 𝐿𝐹𝑃
∗ 𝑆

−𝐷𝜕𝑛𝑆 = 0

−𝐷𝜕𝑛𝑆 = 𝜅 𝑆

Mixed boundary value problem

in the bulk
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DG, et al. Commun. Chem. 1, 96 (2018)

Understanding and 

generalization of Robin BC

Encounter-based approach

II. Diffusion-influenced reactions

Anomalous diffusions
Lanoiselée et al., Nat. Commun. 9, 4398 (2018)

DG et al., New J. Phys. 22, 103004 (2020)

𝑆𝜅(𝑥, 𝑡) = න
0

∞

𝑑ℓ 𝑒−ℓ𝜅/𝐷 𝑃(ℓ, 𝑡|𝑥)
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II. Diffusion-influenced reactions

Anomalous diffusions
Lanoiselée et al., Nat. Commun. 9, 4398 (2018)

DG et al., New J. Phys. 22, 103004 (2020)

𝑤 = 𝑓

𝜕𝑛𝑤 = 𝑔

𝑓

𝑝 − 𝐷Δ 𝑤 = 0

Dirichlet-to-Neumann operator 𝑀𝑀𝑝

𝑀𝑝: 𝑓 → 𝑔 = 𝜕𝑛𝑤



Mode matching methods

in collaboration with A. Delitsyn
(Kharkevich Institute for Information Transmission 

Problems of RAN, Moscow, Russia)

A. Delitsyn & DG, Resonance scattering in a waveguide with identical thick perforated barriers, 

Appl. Math. Comput. 412, 126592 (2022)

A. Delitsyn & DG, Mode matching methods in spectral and scattering problems, Quart. J. Mech. 

Appl. Math. 71, 537–580 (2018)

A. Delitsyn, B.-T. Nguyen, & DG, Trapped modes in finite quantum waveguides, Eur. Phys. J. B. 

85, 176 (2012)

A. Delitsyn, B.-T. Nguyen, & DG, Exponential decay of Laplacian eigenfunctions in domains with 

branches of variable cross-sectional profiles, Eur. Phys. J. B 85, 371 (2012)



A. Delitsyn & DG, Quart. J. Mech. Appl. Math. 71, 537–580 (2018)

Basic idea

Ω

−Δ𝑢 = 𝜆𝑢

𝑢 = 0

𝑥

𝑦

0

ℎ1

−𝑎1 𝑎2

ℎ2

𝑢1 𝑥, 𝑦 =෍
𝑛
𝑐𝑛,1 sin

𝜋𝑛𝑦

ℎ1
sinh(𝛾𝑛,1(𝑎1 + 𝑥)) 𝛾𝑛,1 =

𝜋2𝑛2

ℎ1
2 − 𝜆

𝑢1 𝑥, 𝑦 =෍
𝑛

2 𝑢1|Γ, sin
𝜋𝑛𝑦
ℎ1 𝐿2(Γ)
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𝑛
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Finite quantum waveguides

A. Delitsyn, B.-T. Nguyen, & DG, Eur. Phys. J. B. 85, 176 (2012)

𝐷 = Ω ∪ 𝑄1 ∪⋯∪ 𝑄𝑛−Δ𝑢 = 𝜆𝑢 in 𝑢 = 0 on 𝜕𝐷
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𝜓𝑛,𝑖(𝑦) 𝛾𝑛,𝑖 = 𝜈𝑛,𝑖 − 𝜆
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Sufficient condition for trapping

∃𝑣 ∈ 𝐻 Ω s. t.

𝜎𝑖 = 𝑣,𝜓1 𝐿2 Γ𝑖
2 𝜅𝑖 =෍
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෍
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Finite quantum waveguides

A. Delitsyn, B.-T. Nguyen, & DG, Eur. Phys. J. B. 85, 176 (2012)

𝑎 = 20

ℎ = 1

𝜆1 ≈ 0.9302 𝜋2 𝜆1 ≈ 0.9879 𝜋2 𝜆1 ≈ 1.0032 𝜋2



Scattering problem

A. Delitsyn & DG, Appl. Math. Comput. 412, 126592 (2022)

L. Chesnel, S.A. Nazarov, Abnormal acoustic transmission in a waveguide with perforated 

screens, C. R. Mécanique, 349, 1:9-19 (2021)

0 𝑤 𝐿 𝐿 + 𝑤 𝑧

A. Delitsyn & DG, Quart. J. Mech. Appl. Math. 71, 537–580 (2018) 𝑤 = 0
𝑤 > 0

Ω

Infinite cylinder       of a bounded cross-section      with a “hole”  Ω ΓQ0

Γ



Scattering problem

A. Delitsyn & DG, Appl. Math. Comput. 412, 126592 (2022)

0 𝑤 𝐿 𝐿 + 𝑤 𝑧

Δ𝑢 + 𝑘2𝑢 = 0

Infinite cylinder       of a bounded cross-section      with a “hole”  Ω ΓQ0

in Q0 𝑢 = 0 on 𝜕Q0

𝑢 𝑥, 𝑧 = 𝑒𝑖𝛾1𝑧𝜓1 𝑥 + 𝑟1𝑒
−𝑖𝛾1𝑧𝜓1 𝑥 +෍

𝑛≥2
𝑟𝑛𝑒

𝛾𝑛𝑧𝜓𝑛(𝑥) 𝑧 < 0

𝑢 𝑥, 𝑧 = 𝑡1𝑒
𝑖𝛾1𝑧𝜓1 𝑥 +෍

𝑛≥2
𝑡𝑛𝑒

−𝛾𝑛𝑧𝜓𝑛(𝑥) 𝑧 > 𝐿 + 𝑤

Ω

Γ

−Δ𝜓𝑛 = 𝜆𝑛𝜓𝑛 in Ω 𝜓𝑛 = 0 on 𝜕Ω 𝛾1 = 𝑘2 − 𝜆1

𝛾𝑛 = 𝜆𝑛 − 𝑘2
𝜆1 < 𝑘2 < 𝜆2



Scattering problem
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Theorem (main result)

1) ∀ 𝑘 ∈ 𝜆1, 𝜆2 fixed, lim
𝛿→0

𝑟1 = −1

i.e., the wave is fully reflecting in the limit of closing barriers

2) ∀𝜖 > 0 ∃𝛿′ > 0 ∀Γ with 𝛿 < 𝛿′ ∃𝑘𝐷 s. t. 𝑟1 < 𝜖

Let     be an open subset of     , and 𝛿 = diam ΓΓ Ω

i.e., the wave is almost fully propagating across two almost 

closed barriers at the resonance wavenumber 𝑘D

Ω

Infinite cylinder       of a bounded cross-section      with a “hole”  Ω ΓQ0

Γ



Main steps of derivation

A. Delitsyn & DG, Appl. Math. Comput. 412, 126592 (2022)

0 𝑤 𝐿 𝐿 + 𝑤 𝑧

Ω

𝑧0

𝑢 = 1
2(𝑢

𝐷 + 𝑢𝑁)

𝑢𝐷 𝑥, 𝑧 = −𝑢𝐷(𝑥, 2𝑧0 − 𝑧)

𝑢𝑁 𝑥, 𝑧 = +𝑢𝑁(𝑥, 2𝑧0 − 𝑧)

Δ𝑢𝐷 + 𝑘2𝑢𝐷 = 0 in Q

𝑢𝐷 = 0 on 𝜕Q0

𝑢𝐷 𝑥, 𝑧 = 𝑒𝑖𝛾1𝑧𝜓1 𝑥 + 𝑟1
𝐷𝑒−𝑖𝛾1𝑧𝜓1 𝑥 +෍

𝑛≥2
𝑟𝑛
𝐷𝑒𝛾𝑛𝑧𝜓𝑛(𝑥)

𝑢𝐷 = 0 at 𝑧 = 𝑧0

Δ𝑢𝑁 + 𝑘2𝑢𝑁 = 0 in Q

𝑢𝑁 = 0 on 𝜕Q0

𝑢𝑁 𝑥, 𝑧 = 𝑒𝑖𝛾1𝑧𝜓1 𝑥 + 𝑟1
𝑁𝑒−𝑖𝛾1𝑧𝜓1 𝑥 +෍

𝑛≥2
𝑟𝑛
𝑁𝑒𝛾𝑛𝑧𝜓𝑛(𝑥)

Τ𝜕𝑢𝑁 𝜕𝑧 = 0 at 𝑧 = 𝑧0

1 Infinite cylinder       of a bounded cross-section      with a “hole”  Ω ΓQ0

Γ



Main steps of derivation

A. Delitsyn & DG, Appl. Math. Comput. 412, 126592 (2022)

0 𝑤 𝑧0

Ω

Γ

2

−Δ𝜙𝑛 = 𝜇𝑛𝜙𝑛 in Γ 𝜙𝑛 = 0 on 𝜕Γ 𝛽𝑛 = 𝜇𝑛 − 𝑘2

1 + 𝑟1
𝐷 = 𝑢0, 𝜓1 𝐿2(Γ)

𝑟𝑛
𝐷 = 𝑢0, 𝜓𝑛 𝐿2(Γ)

ℓ

𝑢𝐷 𝑥, 𝑧 = 𝑒𝑖𝛾1𝑧𝜓1 𝑥 + 𝑢0, 𝜓1 𝐿2(Γ) − 1 𝑒−𝑖𝛾1𝑧𝜓1 𝑥 +෍
𝑛≥2

𝑢0, 𝜓𝑛 𝐿2(Γ)𝑒
𝛾𝑛𝑧𝜓𝑛(𝑥)

𝑢𝐷 𝑥, 𝑧 = −
𝑢1, 𝜓1 𝐿2 Γ sin 𝛾1 𝑧 − 𝑧0

sin 𝛾1ℓ
𝜓1(𝑥) −෍

𝑛≥2

𝑢1, 𝜓𝑛 𝐿2(Γ) sinh 𝛾𝑛(𝑧 − 𝑧0)

sinh(𝛾𝑛ℓ)
𝜓𝑛(𝑥)

𝑢𝐷 𝑥, 𝑧 =෍
𝑛

− 𝑢0, 𝜙𝑛 𝐿2(Γ) sinh 𝛽𝑛 𝑧 − 𝑤 + 𝑢1, 𝜙𝑛 𝐿2(Γ) sinh 𝛽𝑛𝑧

sinh(𝛽𝑛𝑤)
𝜙𝑛(𝑥)

𝑢0 = 𝑢𝐷 𝑥, 0 ቚ
Γ

𝑢1 = 𝑢𝐷 𝑥, 𝑤 ቚ
Γ
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Main steps of derivation
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0 𝑤 𝑧0

Ω

Γ

3
𝑢0 = 𝑢𝐷 𝑥, 0 ቚ

Γ

𝑢1 = 𝑢𝐷 𝑥, 𝑤 ቚ
Γ

ℓ

𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=0−0

=
𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=0+0

𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=𝑤−0

=
𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=𝑤+0

𝐴0𝑓 =෍
𝑛≥2

𝛾𝑛 𝑓, 𝜓𝑛 𝜓𝑛 𝑥 +෍
𝑛≥1

𝛽𝑛ctanh 𝛽𝑛𝑤 (𝑓, 𝜙𝑛) 𝜙𝑛(𝑥)

𝐴1𝑓 = ⋯ 𝐵𝑓 = ⋯ 𝐶𝑓 = ⋯

−𝑖𝛾1 𝑢0, 𝜓1 𝜓1 + 𝐴0𝑢0 + 𝐶𝑢1 = −2𝑖𝛾1𝜓1

𝐵𝑢0 + 𝛾1ctan 𝛾1ℓ 𝑢1, 𝜓1 𝜓1 + 𝐴1𝑢1 = 0

We get two functional equations on        and 𝑢0 𝑢1

1 + 𝑟1
𝐷 = 𝑢0, 𝜓1 𝐿2(Γ)

𝑟𝑛
𝐷 = 𝑢0, 𝜓𝑛 𝐿2(Γ)

(𝑢0, 𝜓1)

(𝑢1, 𝜓1)

Two linear 

equations
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A. Delitsyn & DG, Appl. Math. Comput. 412, 126592 (2022)

0 𝑤 𝑧0

Ω

Γ

3
𝑢0 = 𝑢𝐷 𝑥, 0 ቚ

Γ

𝑢1 = 𝑢𝐷 𝑥, 𝑤 ቚ
Γ

ℓ

𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=0−0

=
𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=0+0

𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=𝑤−0

=
𝜕𝑢𝐷

𝜕𝑧
ቚ
𝑧=𝑤+0

𝐴0𝑓 =෍
𝑛≥2

𝛾𝑛 𝑓, 𝜓𝑛 𝜓𝑛 𝑥 +෍
𝑛≥1

𝛽𝑛ctanh 𝛽𝑛𝑤 (𝑓, 𝜙𝑛) 𝜙𝑛(𝑥)

𝐴1𝑓 = ⋯ 𝐵𝑓 = ⋯ 𝐶𝑓 = ⋯

−𝑖𝛾1 𝑢0, 𝜓1 𝜓1 + 𝐴0𝑢0 + 𝐶𝑢1 = −2𝑖𝛾1𝜓1

𝐵𝑢0 + 𝛾1ctan 𝛾1ℓ 𝑢1, 𝜓1 𝜓1 + 𝐴1𝑢1 = 0

We get two functional equations on        and 𝑢0 𝑢1

1 + 𝑟1
𝐷 = 𝑢0, 𝜓1 𝐿2(Γ)

𝑟𝑛
𝐷 = 𝑢0, 𝜓𝑛 𝐿2(Γ)

(𝑢0, 𝜓1)

(𝑢1, 𝜓1)

Two linear 

equations

𝑟1
𝐷 =

𝑎 − 1 + 𝑎𝑑 − 𝑏𝑐 − 𝑑 ctan 𝛾1ℓ

𝑎 + 1 + 𝑎𝑑 − 𝑏𝑐 + 𝑑 ctan 𝛾1ℓ

𝑎, 𝑏, 𝑐, 𝑑 being expressed as 

𝐴0, 𝐴1, 𝐵, 𝐶

𝐸𝑎,…𝜓1, 𝜓1 𝐿2 Γ

with          given explicitly in terms of𝐸𝑎,…

𝑟1
𝑁 =

ത𝑎 − 1 + ത𝑎 ҧ𝑑 − ത𝑏 ҧ𝑐 − ҧ𝑑 tan 𝛾1ℓ

ത𝑎 + 1 + ത𝑎 ҧ𝑑 − ത𝑏 ҧ𝑐 + ҧ𝑑 tan 𝛾1ℓ
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Main steps of derivation
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0 𝑤 𝑧0

Ω

Γ

4
𝑢0 = 𝑢𝐷 𝑥, 0 ቚ

Γ

𝑢1 = 𝑢𝐷 𝑥, 𝑤 ቚ
Γ

ℓ 1 + 𝑟1
𝐷 = 𝑢0, 𝜓1 𝐿2(Γ)

𝑟𝑛
𝐷 = 𝑢0, 𝜓𝑛 𝐿2(Γ)

𝑟1
𝐷 =

𝑎 − 1 + 𝑎𝑑 − 𝑏𝑐 − 𝑑 ctan 𝛾1ℓ

𝑎 + 1 + 𝑎𝑑 − 𝑏𝑐 + 𝑑 ctan 𝛾1ℓ
𝑟1
𝑁 =

ത𝑎 − 1 + ത𝑎 ҧ𝑑 − ത𝑏 ҧ𝑐 − ҧ𝑑 tan 𝛾1ℓ

ത𝑎 + 1 + ത𝑎 ҧ𝑑 − ത𝑏 ҧ𝑐 + ҧ𝑑 tan 𝛾1ℓ

𝑟1
𝐷 → −1

𝑟1
𝑁 → −1

𝑟1 → −1

(full reflection)

𝑟1
𝐷 = 1

𝑟1
𝑁 ≈ −1But if      is small enough, then still𝛿

𝑟1 ≈ 0

(almost full 

transmission)
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ctan 𝛾1ℓ does NOT depend on Γ

all                  vanish
𝛿 → 0,

all                  vanishത𝑎, ത𝑏, ҧ𝑐, ҧ𝑑
As

𝑎, 𝑏, 𝑐, 𝑑

For a fixed     , at the resonance wavenumber

satisfying                                    , one has 𝑑 ctan 𝛾1ℓ = −1
𝛿

𝑘𝐷

𝛾1 = 𝑘2 − 𝜆1



Another limit: large w

A. Delitsyn & DG, Appl. Math. Comput. 412, 126592 (2022)

0 𝑤 𝐿 𝐿 + 𝑤 𝑧

Ω
Γ

There are two main parameters:     and 𝛿 𝑤

𝛿 → 0 𝑤 → ∞
ത𝑏, ҧ𝑐 → 0
ത𝑎 → 𝑎

𝑟1
𝑁 →

𝑎 − 1

𝑎 + 1

If k is s.t. 𝑟1
𝐷 = −

𝑎 − 1

𝑎 + 1
𝑟1 ≈ 0

(almost full 

transmission)
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Conclusions

DG & B.-T. Nguyen, Geometrical structure of Laplacian eigenfunctions, SIAM Rev. 55, 601 (2013)

Mode matching methods are powerful tools

for spectral and scattering problems 

Eigenmodes in finite quantum waveguide 

can be localizated in a junction region

Waveguide with two identical thick 

barriers may transmit even for 

almost closed or very thick barriers

Looking for collaborations!


