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Abstract

We consider the inverse geometrical problem of identifying the dis-
continuity curve of an electrical conductivity from boundary measure-
ments. This standard inverse problem is used as a model to introduce and
study a combined inversion algorithm coupling a gradient descent on the
Kohn-Vogelius cost functional with a domain decomposition method that
includes the unknown curve in the domain partitioning. We prove the lo-
cal convergence of the method in a simplified case and numerically show
its efficiency for some two dimensional experiments.

1. Motivations-Physical problem

e Let {2 be a simply connected bounded domain of R? with ¢1.9
boundary I' := 0¥, 5 €]0, 1].
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Figure 1: The domain €2 := () U (), U 2.

Let ¢ €L%(I") be the current injection through I"and o € S, 4, the
electric conductivity, then the resulting electric potential u satisfies
the following Neumann boundary value problem

[ _div(oVu) =0 in ¢,
(P)+ a@ — onl'.
| Ov

» ¢ satisfies the following compatibility condition

/ngds—O.

» Direct problem: Known o and ¢, determine w.

» Inverse problem: Known ¢ and f = upp, determine o.

» (P) is almost always used for the modelling of the forward map
in Electrical Impedance Tomography (EIT)

» Some applications: in medical imaging, geophysical prospec-
tion...
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A combined inversion method for identifying the discontinu-
ity curve > of o from boundary measurements by combining
a gradient descent method with a non-overlapping DDM.

2. The Kohn-Vogelius cost functional
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uq and v, are respectively the solutions of (N ) and (D)

;. .
~divigVu) =0 in _div(oVe) = 0 in 2,
(NO') { O'—:Q5 on ! (D(;)
Y ) v=1F onl.
u = 0.
\ JY

» Differentiability of Jx 1, with respect to the discontinuity sur-
face >, of o 1s provided by L. Afraites, M. Dambrine and D.
Kateb in [1]
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The gradient descent algorithm in the case of star-
like domains [2]:

n € Nand R = (Ry,...,R,—1) € (RY)" with R, = Ry.

e Let > ;= > p, we define the interface operator 7, by:

Tn: (RE)" —s CbF

Figure 2: Description of the starlike geometry of () := {2 p.

» Letus set o(R) := 01X, , + 02X, , and define the function [J

J:([RY)» — R
R — J(R)=Jgy(o(R)).

Algorithm 1: Gradient descent algorithm with exact direct solver

e Fix the number of parameters n € N* that serve to define the interface.
e Consider an initial guess R’ € (R* )" with ¥ = X0 = T,(R").

ok =0.

repeat until k < maximum number of iterations

e Use a direct solver to calculate u, pr) and v, gy

gg(Rk),fori:O,...,n—l.

e Calculate

0
e Update ¥ = 7,,(R*1) with R"™ .= RF — 1 8}‘? (R"), where 7 > 0
1s chosen sufficiently small. Z
° Rk _ Rk+1.
ok =Fk+1.
end repeat

3. Non-overlapping DDM

We present a nonoverlapping DDM (optimized Schwartz algorithm) for solving
the direct problems (/V,) and (D,,) in the case where o € S,,.

Optimized Schwarz algorithm (see [4,3])

» Given an initial guess \} y € L*(3) such that / Noyds=0,i=1,2
>

e For / > 0, solve in parallel the Robin subdomain problems:
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» General convergence proof is given by P-L. Lions in [4]

» o > ( 1s given parameter that can be optimized to improve the convergence
rates [Japhet-Nataf-Rogier (1998), Gander (2006), Gander-Dubois (2015)].

» Similarly to above, we also apply the optimized Schwarz algorithm for solv-
ing the Dirichlet problem (D,).

4. A combined inversion method

Goal: At each gradient descent iteration the direct problems (NN,;) and (D) are
not solved exactly = Take only one or a few steps of (2)

bDifﬁculty

The domain decomposition changes at each gradient descent iteration k.
= Ambiguity in defining

Anlsier = g wlsr + 200 up s
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Algorithm 2: A combined inversion algorithm

e Fix the number of parameters n € N* that serve to define the interface.
e Consider an initial guess R € (R* )" with ¥ = X0 = T,(R").

e Initial boundary values: \; y(>3) =0, \;p(X) =0on >, ¢ =1,2.

e k=0.

repeat until k < maximum number of iterations

o Set \)y = Ain(X), Ap=Xip(X)onX, i=1,2.

e Use L iterations of (2) to evaluate
UO'(Rk) - NL<Z> >‘(1),N7 )‘g,N)7 )‘ZI:N(Rk) — AZI:N(Za >‘(1),N7 )‘8,]\7)'
va(Rk) — DL<27 A?,D) )‘g,D)a Az%D(Rk) — AZZ:D<27 >‘(1),D7 AS,D)’

0
e Evaluate —J(Rﬂ, for j = 0,...,n — 1 where the boundary values

OR,

are calculated using w,(pr), and v, p
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G,
e Update 2 = 7, (R"*) with RE*! .= RF — T%(Rk), where 7 > 0
J

is chosen sufficiently small (A step adaptation can be incorporated).
e Update the interface values on \S; as

AN

N (B)(M;(t) = Ny (R)(8), ¢ € [0,1],

Aip(S)(M;(t)) = M p(RM)(t), t € [0,1],
° Rk _ Rk+1.

ok —=FL+1.
end repeat

)\gj\HzlﬁLl = A:{)lek — 2« /Uﬁ—i_l’zk

Local convergence result of Algorithm 2 for circular
domains

ZﬁTheorem 2]

There exists 0, > 0 such that Algorithm 2 with L. = 1 is locally conver-
gent for 7 €0, d,|.

J

Numerical experiments and validation

* () a open disk of center (0, 0) and radius r = 2.
co;=1,00=2,a=1and ¢ = cos(d), 0 € [0, 2n].
e Let 2. be a kite defined by

{ x(t) = cos(t) + 0.5cos(2t) — 0.4 3)

y(t) = 1.2sin(t), t € [0, 27].

e Using the parametrization (1) with n = 19. The initial guess 1s R? = 1.8.

» The gradient descent parameter 7 = (.05 for both algorithms.
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Figure 3: Comparison between Algorithm 1 and Algorithm 2 with L = 1 for

the case of the kite parameterized by (3) and for noise free data. The exact
shape and initial guess are shown in Figure (a).
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Figure 4: Comparison of the evolution of log,,(+/J /Jy) between Algorithm 1
and Algorithm 2 with L. = 1 (left), L. = 2 (middle) and L = 5 (right) for the
example shown in Figure 3.
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Figure 5: Reconstructions obtained by Algorithm 2 with . = 1 for the example
discussed in Figure 3 but for noisy data with noise level ¢ = 1% (left), ¢ = 3%
(middle) and € = 5% (right).
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