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1- Context

e Goal: Prove logarithmic-type estimates for retrieving the magnetic fields and electric
potentials from the near field or far field maps.

e Approach: Using techniques from similar results for inhomogeneous inverse scattering
problems based on the use of geometrical optic solutions.

3- The inverse problems

We define the near field operator Ny  : [2(dB) — L%(dB), as

Na,qh(x) ::/ ui\’q(x, y)h(y)ds(y), x € 9dB.

aB

Representing u3 (-, d), d € S? in terms of the outgoing fundamental solution of A + k?,

it follows that as |x| — oo

atk|x]|

uy (x, d) =
Aql =T

where u;’\oq()?, d) is defined to be the far field pattern.

= Due the Gauge invariance, the magnetic potential A cannot be uniquely determined
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from near or far field measurements outside B.

Total field uaq(-, d) Total field vatvg,q(-, d)
where ¢ € W1'°°(R3) with support compactly embedded in B.

o |et

3
1
curl A := 5 Z (0chu — Oxiaj) dxj Ndxi, A=(aj)1<j<3.

ij=1

The inverse problem in the near field setting: is to determine curl(A) and g from the
knowledge of the near field operator Ny 4.

The inverse problem in the far field setting: is to determine curl(A) and g from the far
field pattern ui\?q()“(, d), V&, d € S%.

4- The Classes of admissible A and ¢

let M >0, 0 >0 and y > 0 be given.

Ag(M) := {Supp(A) C D, [|Ally2es(py < M, and /3(1 + |&12)72|curlA(&)|d & < /\/I},
R

Qy(M) = [%(q) > 0, Supp(q) C D, ||q||esp) < M and /3(1 n |5|2)V/2|g/(5)|c/5 < /\/I] .
R

/- Stability estimates from far field pattern

let M >0,0>0,y >0, and € > 0. Then there exist two constants C > 0 and 0 > 0 such
that for all (A}, q;) € Ag(M) x Qy(M), j = 1,2, verifying ||u§\‘13,q1 - L’E\j,qZHLZ(anaB) <0
we have )

[lcurl(Aq) — curl(A)]|eo(py < Cllog(k)| 737,

and

g )—I-e

g2 — g1l 1Dy < Cllog(k)| (+IRv+3

- — oQ oQ -
where k = ||“A1,q1 — L’Az,qZHLZ(é)BXé)B)' Here C depends only on D, a, M, €, o, y and 9.

Uniqueness: Let A1 and Ay € Ag(M), g4 and g, € Qy(M). i

o o _,, o o 2 2
LIA1’C/1(X, d) = qu,Clz(X’ d), V(x,d)edS x5,

then g1 = g> and curl Ay = curl Ay in D.
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2- Introduction

We deal with a magnetic schrodinger operator in 3D case:

\ / Scattered wave
s

u
-~ @
e Magnetic potential A € W1(R3, R3), supp(A) C D. / Scatterer S
e Electric potential g € [*°(R3, C), Im(q) > 0, supp(q) C D. / \

Fa,qv = —Av — idiv(Av) — iA - Vv + (JA] + q)v,

elet B=DB(0,a) DD, a>0andk >0 be the wave number.

Let y € 0B be the location of a point source. The direct scattering problem in the near
field setting is to find up 4(-, y) such that
HaqUua gl y) — k?ua gl y) =6y inR,
: 3
uaqly) =& y)+uy (. y) in R, (1)
lim r (0,~ui\’q — il<ui\,q) =0 r=|x|,

—0Q

~

1 ei/<|x—g|

4 x—yl”

where ui\’q(-, y) € HIZOC(]R3) and ®(x, y) := x # y is the fundamental solution

of the Helmholtz equation.

Let |y| — oo in the direction —d with d € S2. The direct scattering problem in the far
field setting is to find up 4(-, d) such that

| Haquagl.d)—kPuag(,d)=0 inR3,

upq(d) = u'(- d)+uj (d)  in R’ 2)

: S ; S
m r{druy  —iku = r=|x|,
rl_L) (a’LA,q i LA,q) 0 | x|

~

where ul(-, d) = etk*'d satisfies Aul+ k?u’ = 0 in R> and ui\'q(-, d) € leoc(R3)' Vd e S2.

5- Technical ingredients

e Orthogonality identity relates the difference of potentials to the difference of near-field
operators.

e Incorporation of geometric optics solutions.

o Relation between Ny , and ui\oq: Let 0 < 6 < 1 be given. Then we have

oz o, — L’E\Z,q2||L2(SZ><S2))9)

wp
where p > 0, w > 0 and NAj,qu j = 1,2 denote the near field operators associated with
B = B(0, 2a).

2
N, g, = Nayq,ll < p?exp (= (= 1n

0- Stability estimates from near field operator

let M > 0, 0 > 0 and y > 0. Then there exists a constant C > 0 such that, for any
(Aj, qj) € Ag(M) x Qy(M), j =1,2, we have

leurl (A7) — curl(Ag)|| o) < C(x + | log(x)] ~753),

and -

g2 — qilleo(py < C(k? + | log(x)| 3253,

where k = [[Ny, 4, — Na, 4,||- Here C depends only on B, M, o and .

Uniqueness: Let A1, Ay € Ag(M), g1,q2 € Qy(M) and BD D. |i

u/541’q1(x, y) = ui\z’qz(x, y), V(x,y) &€ dB xdb,

then g1 = g and curl Ay = curl Ay in D.

8- For more detaitls

M. Bellassoued, H. Haddar and A. Labidi, Stability estimate for an inverse problem for the
time harmonic magnetic Schrodinger operator from the near and far field patterns. SIMA,

2023.

O- Future Research

e The uniqueness of the reconstruction of the domain D for g # 0 and A # 0.

e Analysis of sampling methods for the reconstruction of the D support from the knowledge
of the far-field data. Analysis of associated transmission interior problem.




